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Comment on ª Penalized
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Haifa 32000, Israel

I N a recent paper dealing with the use of the Hamiltonian law of
varying action for the calculation of dynamic systems, Kim and

Cho1 propose to introduce the initial values of the problem by us-
ing a penalty function. The justi® cation for the application of such
a function is given in the paper1 as follows: ª Because the initial
displacement u(t0) is speci® ed, the variation of the initial displace-
ment d u(t0) must be zero for kinematically admissible variations.
Therefore the initial velocity cannot be consideredappropriatelyin
m Çu d u j t0 = 0. Thus the theoriesusing Hamilton’s law of varyingac-
tion must consider tentatively d u(t0) as free variation independent
of u(t0) and impose u(t0), Çu(t0) at the approximate stage.º

There is a basic misconception in the paper.1 The idea2¡ 4 of us-
ing a variation d u independent of u has a deeper importance than
the one assumed in the paper.1 The independent d u is applied to
stabilize the calculation process.2¡ 4 For example, in Ref. 3 the sec-
ond derivative of u was used as d u. In this way the calculation
process has been stabilized (it is interesting that Gauss5 in his prin-
ciple treated Èu as an independentvariable; see also Ref. 6). In Ref. 3
a method for unconditionalstabilitywas also proposed.An analysis
of the stability of the calculation process was performed in Refs. 3
and 4. Such an instability analysis does not appear in the paper of
Kim and Cho.1
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Introduction

I N his Comment on our paper,1 Baruch argues about the interpre-
tation of using variation d u independent of u in the paper2 and

the stability of our method. We will answer these questions in the
following two sections.

Interpretation of Variation ±u

The statement of the paper1 quoted by the Comment deals with a
naturalimpositionof the initial velocityin thevariationalformbased
on displacementregardlessof approximation,retainingthe physical
meaningof kinematicallyadmissiblevariation d u(t0). When u and Çu
denoteddisplacementand velocityand m , c, k, and f were the mass,
damping, stiffness, and external force, respectively, the variational
statement in the time interval between t0 and t f was written as

*
t f

t0

( ¡ m Çu d Çu + c Çu d u + ku d u ¡ f d u) dt

+ m Çu d u j t f ¡ m Çu d u j t0 = 0 (1)

in the paper by Riff and Baruch.2 Two terms at t0 and t f in the
variationalstatement (1) are the feature that makes it different from
the conventionalvariationalprinciplewith the speci® cationof initial
conditions at t0 . Keeping the terms means that the variation d u(t0)
is not zero even though u(0) is speci® ed with ® xed value. It was
explained in the Comment that the variation d u(t ) independent of
u(t ) is used only for stabilityof numerical scheme. But it is dif® cult
to agree with the preceding explanation. It is better to not mention
the numerical stability in the early formulation stage because the
stability is largely dependent on the speci® c numerical schemes
used after the formulation. In fact, we were able to obtain a stable
procedure,as explained in the next section,without the inclusionof
m Çu d u at t0 , following the strict Galerkin approximation procedure.

In the paper,1 we were concerned with the displacement-based
variational statement (1) anticipating the use of the Galerkin ap-
proximation. Our comment to the variational statement (1) in the
paper1 was made by the same line of thought. In the penalized
weighted residual formulation,1 the meaning of the kinematically
admissible variation is consistently used and the initial velocity is
imposed by penalized form to satisfy the initial velocity in the sense
of average. From the formulation, both the equation of motion and
the initial conditioncan be reconstructedto their originalstates.The
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restoration of the equation of motion and the initial condition from
the penalized weighted residual formulation shows the appropriate
imposition of the initial condition in the early formulation stage.
Moreover, the penalized weighted residual formulation can be eas-
ily approximated by the C 0 approximating functions,which satisfy
the smoothness requirement of weak formulation and allow weak
solution like discontinuity of velocities frequently encountered in
dynamic problems due to impulse loading.

Stability of Penalized Weighted Residual Method
Because the observation of stability characteristics was not the

objective of the paper,1 the stability analysis was not presented in
the paper.1 However, the result of recent research3 may be an an-
swer for the question about the stability of the penalized weighted
residual method. In recent research, the stability analysis is carried
out by way of a newly developedalternativestep-by-stepcomputing
algorithm of the penalized weighted residual method. The resulting
equation of penalized weighted residual method discretized by the
a th-order C0 element is as follows:

[ *
t f

t0

( ¡ Çu i
Çu j M + u i

Çu j C + u i u j K) dt] u j

+ [ u i (t f ) Çu j (t f )M +
1

e
u i (t f ) Çu j (t0)I]u j = ( * t f

t0

u i f dt)
+ [ 1

e
u i (t f )Iv0 ¡

1

e
u i (t f ) Çu 0(t0)Iu0 ¡ u i (t f ) Çu 0(t f )Mu0]

¡ [ *
t f

t0

( ¡ Çu i
Çu 0M + u i

Çu 0C + u i u 0K) dt] u0 (2)

where 1 · i , j · N a (where N is the number of time elements)
and M, C, K, and I denote mass, damping, stiffness, and identity
matrices, respectively;v0 and f are the initial velocity nodal vector
and the external force vector; ui denotes the displacement nodal
vector at time i ; and u and e are the interpolating function and the
penalty parameter, respectively.

The alternative computing algorithm is derived from the obser-
vation of the sparse nature of the resulting matrix and the fact that
the penalized terms are much larger than the other terms in the re-
sulting algebraic equation. For the a th-order C0 time element, it is
described as follows.

1) Find U1 with the given initial condition U0 such that N (s)
1 U1 +

N (s)
0 U0 = F1.
2) For 1 · k · (N ¡ 1), ® nd the next step solution Uk + 1 with

the obtained Uk and Uk ¡ 1 such that

N ( f )
k + 1Uk + 1 + N (c)

k Uk + N ( p)
k ¡ 1Uk ¡ 1 = Fk + 1

where

N (s)
1 =

é
êêêë

p1 p2 ¢ ¢ ¢ p a

a1,1 a1,2 ¢ ¢ ¢ a1, a

...
...

. . .
...

aa ¡ 1,1 a a ¡ 1,2 ¢ ¢ ¢ a a ¡ 1, a

ù úúúû

N (s)
0 =

é
êêêêë

0 ¢ ¢ ¢ 0 p0

0 ¢ ¢ ¢ 0 a1,0

...
. . .

...
...

0 ¢ ¢ ¢ 0 a a ¡ 1,0

ù úúúúû

N ( f )
k + 1 =

é
êêêêë

ak a , k a + 1 ak a , k a + 2 ¢ ¢ ¢ ak a ,(k + 1) a

ak a + 1, k a + 1 ak a + 1, k a + 2 ¢ ¢ ¢ ak a + 1,(k + 1) a

...
...

. . .
...

a(k + 1) a ¡ 1, k a + 1 a(k + 1) a ¡ 1, k a + 2 ¢ ¢ ¢ a(k + 1) a ¡ 1,(k + 1) a

ù úúúúû

N (c)
k =

é
êêêë

ak a , (k ¡ 1) a + 1 ¢ ¢ ¢ ak a , k a ¡ 1 ak a , k a

0 ¢ ¢ ¢ 0 ak a +1, k a

...
. . .

...
...

0 ¢ ¢ ¢ 0 a(k + 1) a ¡ 1, k a

ù úúúû

N ( p)

k ¡ 1 =
é
êêêë

0 ¢ ¢ ¢ 0 ak a , (k ¡ 1) a

0 ¢ ¢ ¢ 0 0

...
. . .

...
...

0 ¢ ¢ ¢ 0 0

ù úúúû
and

ai j = * t f

t0

[ ¡ Çu i
Çu j M + u i

Çu j C + u i u j K] dt

p j = (1/ e ) Çu j (t0)I (0 · j · a and I is the identity matrix)

F1 = ( 1

e
vT

0 , * t f

t0

u 1 f T dt, * t f

t0

u 2 f T dt, . . . , * t f

t0

u a ¡ 1 f T dt)
T

Fk+1 =

( * t f

t0

u k a f T dt, * t f

t0

u k a +1 f T dt, . . . , * t f

t0

u (k + 1) a ¡ 1 f T dt)
T

(1 · k · N ¡ 1)

U0 = (0T , 0T , . . . , 0T , uT
0
)

T
U1 = (uT

1 , uT
2 , . . . , uT

a
)

T

Uk + 1 = (uT
k a + 1, uT

k a + 2 , . . . , uT
(k + 1) a

)T
(1 ·k · N ¡ 1)

Using the algorithm, the stability characteristicscan be observed. If
an integration method is unconditionallystable for a system of one
degree of freedom, it guarantees the unconditional stability of the
numerical solution of a system having multiple degrees of freedom.
Thus the stability analysis of one degree of freedom is suf® cient for
the proof. Let us consider the free oscillating system

Èu + x 2u = 0 (3)

where x denotes the frequency of the system and Èu and u denote
acceleration and displacement. By applying the algorithm to the
equation,the same recurrenceformula is obtainedat eachstepexcept
the initial step,

N ( f )

k + 1Uk + 1 + N (c)
k Uk + N ( p)

k ¡ 1Uk ¡ 1 = 0 (4)

The ampli® cation of U determines the stability of the numerical
solution. If the ampli® cation is greater than 1, it means that the
numerical solution is unstable. For the analysis, the ampli® cation
factor k is introduced and the following is assumed4:

Uk ¡ 1 = e, Uk = k e, Uk + 1 = k 2e (5)

Then theequationforobtainingtheamplicationfactor k is reducedto

det[k 2 N ( f )

k + 1 + k N (c)
k + N ( p)

k ¡ 1] = 0 (6)

For the ® rst-order C0 approximation, the results are obtained as
follows:

Case of full Gauss integration in the time domain:

k 1,2 =
6 ¡ 2x 2 D t 2 § p ¡ 36x 2 D t 2 + 3 x 4 D t4

6 + x 2 D t 2
(7)

Case of reduced Gauss integration in the time domain:

k 1,2 =
4 ¡ x 2 D t 2 § i4 x D t

4 + x 2 D t 2
(8)
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where D t denotes the size of the time element. For the case of full
Gauss integration, the solution is stable if D t satis® es ¡ 36 x 2 D t2 +
3 x 4 D t4 ·0. Thus the case is conditionally stable with the critical
time element size D tct = p (3)T/ p = 2 p (3)/ x (T is the period).
The case of reducedGauss integrationgives the ampli® cation factor
of magnitude 1. Thus an unconditional stability is obtained, which
gives a stable solution regardlessof time element size. If the second-
order element is used with reduced integration, the ampli® cation
factor is reduced to

k 1,2 =

[9 ¡ 15 x 2( D t / 2)2 + x 4( D t / 2)4] § i f 3 x D t [ x 2( D t / 2)2 ¡ 3] g
[9 + 3x 2( D t /2)2 + x 4( D t /2)4]

(9)
k 3,4 = 0

If the initial displacement and velocity are zero, it corresponds to
the eigenspace of k 3 and k 4 , and the system does not move. (The
corresponding ampli® cation is zero.) If the initial condition is not
zero, the magnitudeof ampli® cation factor is 1, and a stable solution

is guaranteed.Likewise, for higher-orderC 0 elements,the fullGauss
integrationin the time domain with the penalizedweighted residual
formulation results in a conditionally stable method having critical
time element size, and the reduced Gauss integration in the time
domain gives unconditional stability.
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